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We argue that 2D dodecagonal spherical quasicrystalls (QCs) will be discovered in the 
nearest future and investigate how the planar QC order becomes compatible with the 
spherical geometry. We show that the appearance of curvature-induced topological 
defects and low-energy structural rearrangements are sufficient to obtain the regular 
spherical QC structures. Minimization of total energy required for the order 
reconstruction determines the number of topological defects, which are located near the 
vertices of snub cub or icosahedron in dependence on type of the initial dodecagonal 
order.  
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A large number of 2D nano- and micro - structures with a spherical topology possess a local 
hexagonal order which is compatible with the global icosahedral or tubular geometries. There are 
three widespread types of the hexagonal orders with one, two and six particles per unit cell, 
respectively. The simplest one is locally implemented in spherical colloidal crystals and 
colloidosomes [1-4]. The next arrangement is demonstrated by the graphene structure being a 
useful parent phase to explain the structural and physical properties of more complicated systems 
with the same local organization typical of fullerenes and carbon nanotubes [5-6].  The local 
hexagonal order with six proteins in the cell underlies Caspar and Klug theory [7-8] which is the 
basis of almost all the works devoted to the physics of spherical viruses.  
In contrast, 2D spherical QCs are very rare in the nature. As far as we know only some 
spherical viral capsids possess the quasicrystalline order. The first tiling models of polyoma viral 
capsid was proposed in Ref. [9]. In addition, several capsids were recently interpreted as 2D 
spherical structures with a local chiral pentagonal quasicrystalline organization of proteins 
[10,11]. However, the discovery of the quasicrystalline order in other spherical systems is very 
likely. In the past decade many dodecagonal quasicrystalline systems were found. These are 
dendritic micelles [12], star and tetrablock terpolymer melts [13,14], diblock copolymer [15], 
and surfactant micelles [16]. The discovered QCs are soft like well-known spherical colloidal 
crystals. Therefore we believe that soft dodecagonal spherical QCs can be obtained in the nearest 
future. We are not alone in this belief. As was noted in Ref. [12], the micellar square-triangle 
order could cover a spherical surface too. Unfortunately, there haven’t been any publications 
describing the synthesis of such a quasicrystalline system yet.  
In our opinion, an experimental discovery of spherical QCs and their theoretical studies could 
be a breakthrough in modern physics, like the discoveries initiated by the works [6,17] as well as 
by the study of spherical colloidal crystals and colloidosomes [1,2,4]. The aim of this Letter is to 
consider the formation and peculiarities of spherical 2D dodecagonal QCs. We investigate 
regular spherical coverings, which are obtained from the parent planar quasicrystalline structures 
by a slight reconstruction of their order. We analyze how to minimize additional energy caused 
by a condition that the QC is enforced to assembly on a spherical template which could be a 
boundary between two liquid phases as is conventional for the self-assembly of spherical 
colloidal systems. This analysis allows predicting the more energetically favorable spherical 
QCs. 
We construct the models of spherical structures from three dodecagonal tilings [18], which 
are shown in fig. 1 (a-c) and labeled as DTa, DTb and DTc, respectively. Note, that DTa was 
used to interpret structures of diblock copolymer [15]. The first experimentally observed QC 
micellar structure [12], nanoparticle superlattices [19], liquid polymer and colloidal quasicrystals 
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[20] were interpreted in the frame of DTc. The structures of DTa and DTb are easily projected 
from six-dimensional space [21] and differ from each other by acceptance domains only [18]. 
DTc is usually constructed by the deflation method [22] since the tiling is characterized by the 
fractal acceptance domain [23] which is useless for application in the conventional projection 
method.  
 
FIG. 1 (color online). Three widespread dodecagonal tilings. Since the tilings are constructed at 
the same nonzero value of Goldstone phason variable v, the most of their nodes coincide. (a)  DTa is 
formed by squares, triangles and narrow rhombuses. (b) DTb contains distorted hexagons instead of 
rhombuses. (c) DTc consists of square and triangular tiles only. Identical inflated in   and 2  times 
square-triangle tilings depicted in panels (a) and (c) demonstrate the relation between DTa and DTc. The 
nodes of DTa shown by large (purple) circles form a minimal fragment of the square-triangle tiling 
inflated in
 
2
 
times. Blue nodes form the tiling which appears after the first deflation. 
   
Let us discuss some useful relations between the tilings demonstrated in Fig.1. Some 
nodes of DTa are shown in this figure by empty circles. They form the pairs separated by double 
tiling edges and are absent in DTb.  In DTa the center of each double edge contains the node 
surrounded by a regular dodecagon. In DTc some of these nodes become cluster centers which 
we call ‘wheels’. A wheel consists of 19 positions forming a regular hexagon inside the regular 
dodecagon. The wheels never overlap in DTc. However, an overlapping of imperfect wheels is 
possible in DTa. The distance between the centers of the overlapped wheels is equal to the 
diagonal of narrow rhombus and only one wheel from the pair appears in DTc after the order 
reconstruction. A choice of imperfect wheels to be included into DTc is difficult, because within 
their areas the chosen wheels should contain all rhombuses disappearing in the last tiling. We 
solve the choice problem and establish the relation between the DTa and DTc structures by the 
deflation method.  
Note, that the distance between the nearest wheels in DTc is 23   times longer 
than the length aed of the tiling edge. DTa is self-similar with the same self-similarity coefficient. 
Therefore, in any finite fragment of DTa one can select a small number of nodes forming a 
minimal part of inflated square-triangular tiling with the length of edges equal to neda  . The 
areas with the size about neda   around the selected nodes are characterized by a perfect C12v 
symmetry since the perpendicular coordinates of the selected nodes tend to zero as 
n . Then, 
the consequent steps of deflation are performed and the wheels   times smaller are inserted in 
the nodes of the tiling obtained at the previous step. At each step of deflation the internal 
hexagons inside the wheels can be rotated by π/6. To overcome this ambiguity we freeze each 
hexagon in the orientation which makes its vertices closer to the origin of the perpendicular 
space. Till the last step the deflated square-triangle tilings include only the nodes belonging to 
the original DTa. Finally, after deleting and switching a small number of positions the DTa is 
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transformed into the perfect DTc.  
As is it known some planar quasicrystalline tilings can be obtained by minimizing 
double-well interaction potentials [24]. Recent theoretical work [25] devoted to self-assembly of 
micellar QCs develops a similar approach. However, the tilings [25] do not correspond exactly to 
real micellar structures [12], where the micelles are not located in the tiling nodes but decorate 
the square and triangular tiles composing the packings. Besides, the experimental micellar 
structures are much more regular than the snapshots obtained [25]. So we do not use explicit 
energy minimization. Instead, a spherical quasicrystalline order is virtually obtained step by step. 
First, using geometrical and energetic reasons we search for the best polyhedron to transfer the 
planar QC structure onto a sphere. Second, we cover smoothly the polyhedron by the QC order. 
Conjugation of coverings at the adjacent faces induces a slight rearrangement of their structures. 
Finally, the polyhedron is buckled and forms the sphere.  
Energy cost of this virtual mechanism includes three main contributions. They are: i) Edef 
energy of topological defects arising in the polyhedron vertices. Edef includes both the internal 
energy of defects and the energy of their interaction.  ii) Erec energy of the phason strain, and iii) 
Ebck energy related to the polyhedron buckling. Since we assume that QCs are enforced to 
assembly on a spherical template, the work of external forces (e.g. those of surface tension) 
should compensate the last term, which is neglected. 
The full consideration of Edef energy is difficult. To simplify the theory only the 
structures with the point topological defects are considered below. The exclusion of non-point 
(extended) defects greatly reduces the number of possible spherical QCs. One can clarify this 
fact using the example of spherical colloidal crystals, which are often modeled in the frame of 
Thomson problem [26]. The pioneer paper [27] devoted to the problem demonstrates that the 
number of metastable states with extremely close energies grows exponentially with the number 
of particles in the crystal. Topological defects with different internal structures are responsible 
for this phenomenon. Similar defects can also be typical for spherical QCs.  Nevertheless, the 
extended defects in the spherical hexagonal order are located only in vicinity of spherical 
icosahedron vertices and the order is single connected. Therefore we hope that our consideration 
of the structures with the point disclinations only cannot impede the understanding of the basic 
features of the spherical QC order. 
Now let us search for the best convex polyhedron minimizing Edef energy. Note that the 
point disclinations located in the polyhadron vertices correspond to the sectors eliminated from 
the polyhedron net. For the net of any convex polyhedron the total angular value of the 
eliminated sectors is equal to 4π. Since the smallest angular value Ω of the elininated sector for 
the dodecagonal case is 2π/12, the total number of point disclinations is equal to 24. We assume 
that these defects repel each other to minimize Edef, as they do in spherical crystals [7]. Different 
repulsive pair potentials (including Coulomb one) lead to the defects located in the vertices of 
snub cube (SC), which is one of Archimedean polyhedrons. It corresponds to the fact that the SC 
is closer to the sphere than other polyhedrons with 24 vertices. Each of the SC vertices is sheared 
between four triangular and one square faces. The tilings shown in fig.1 include the tiles of the 
same shapes and the SC is the best polyhedron to be covered by dodecagonal tilings. However, a 
slight reconstruction of the quasicrystalline order is required. For a perfect matching of the 
adjacent faces to be achieved, the vertices of the SC net should coincide with the local 12-fold 
axes of the reconstructed tiling. After assembling the SC these axes turn into the local 11-fold 
ones of the spherical packing.  
Now let us analyze Erec contribution which is nonzero for spherical QCs only. To transfer 
the crystalline hexagonal lattice onto a sphere the order matching at adjacent faces of the 
icosahedron is not required [7]. It is sufficient to construct a particular icosahedron net where the 
vertices coincide with the 6-fold axes of the hexagonal lattice. However, to match the local 12-
fold axes of DTa and the vertices of the SС net without a tiling reconstruction is impossible. To 
determine the appropriate reconstruction we note that the triangular and square faces of the SС 
can be smoothly covered by elementary cells of hexagonal and square periodic QC 
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approximants, respectively. A perfect matching of the adjacent cells is ensured by the 
coincidence of SС vertices with the local 12-fold symmetry axes of the approximants. 
The approximants can appear from QCs due to the phase transitions inducing phason 
strains [28]. In our approach the phason strain appears due to the boundary conditions taking into 
account the order matching. To obtain Erec contribution we use these conditions and minimize 
the phason part  
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of the phonon-phason elastic free energy [29], where Ki are the coefficients of phason elasticity, v 
stands for the phason strain field, and {x,y} are the components of radius-vector R.  
Let the translation of hexagonal or square periodic approximants be a real space vector 
| |Y  being the parallel projection of some 6D translationY . Then  
 0)( | |  YvY nn  , (2) 
where n is an arbitrary integer. Since energy (1) is quadratic, the field v satisfying condition (2) 
and minimizing this energy should be linear: RmRv

)( , where m

 is a phason strain tensor. 
Symmetry analysis shows that the tensor 
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induces hexagonal approximants, while the tensor to obtain square approximants reads: 
 



sqrm . (4) 
To remove the symmetry-equivalent variants of approximants we direct vectors | |Y  from the 
vertex to the nodes inside the fundamental region, which is the π/12 sector located between two 
planes of C12v symmetry group (see Fig. 2).  
 
FIG. 2 (color online). Dodecogonal tiling DTa  constructed at v = 0 condition. The 12-fold axis coincides 
with the vertex of the π/12 sector being the fundamental region of the tiling. To distinguish between more 
and less energetically favorable QCs (see the text) the nodes corresponding to the condition (
Y <1/2) are 
shown by black circles. The maximal value of  
Y  for nodes of the shown tiling is equal to 1. 
 
Using the explicit form of vectors | |Y  and 
Y  and taking into account Eq. (2) we 
calculate tensors (3-4): | |/)sincos( YYY yx 
  ; | |/)sincos( YYY xy 
  ;  
| |
1 /)sincos( YYY yx 
  ; | |2 /)sincos( YYY xy 
  , where | || | /cos YYx . Then, Eq. 
(1) results in the phason strains energies Etr and Esqr of the triangular and square SC faces, 
respectively: 
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The total reconstruction energy 32Etrn+6Esqr of all SC faces is smaller for spherical QCs 
corresponding to smaller Y values. The variables Y and | |Y  are mutually dependent since they 
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are the projections of the single vector Y. Therefore, QCs with the specific lengths | |Y  of SС 
edges and the corresponding particular numbers of nodes are more energetically favorable (see 
Fig. 3). A similar phenomenon exists for spherical structures obtained in the frame of Tammes 
problem [30]. The packing density of spherical caps on a sphere increases for packings 
containing particular numbers of caps [31]. 
 
 
FIG. 3 (color online). Six energetically favorable spherical QCs obtained from the DTa tiling. Spherical 
SCs are drawn over the structures by blue lines. The QCs shown in panels (a-f) correspond to the 
| |Y  
vectors connecting the vertex and the nodes (a-f) of the fundamental region (see Fig. 2). The numbers of 
nodes in the structures are 334, 2226, 3948, 1104, 3092, and 2562, respectively. 
 
The relation between DTa and DTb (see Fig. 1) allows transforming the structures 
obtained into spherical tilings consisting of squares, triangles and oblate hexagons. However, 
construction of spherical QCs from DTc is more difficult. The 11-fold wheels forming the 
topological defects (see Fig. 3) cannot consist of squares and triangles only. The use of SC net 
for the order transfer induces additional defective tiles which increase the energetic cost of the 
process. In contrast, the use of icosahedron net allows obtaining the purely square-triangle order 
on the sphere. Of course, formation of 12 topological defects with double topological charge 2Ω 
is less energetically favorable and the competition between the SC global organization and 
icosahedral one is possible. The competition result may be different in different systems. Below 
we consider only the icosahedral arrangement of the global spherical order, which is compatible 
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with the purely square-triangle tilings. The construction of the related spherical QCs is obviously 
based on hexagonal periodic approximants of DTc.  
Defect-free hexagonal and square approximants of DTc with the periodicity Tn in 
n  
times longer than eda  are known to be obtained by the deflation method. In order to apply it, the 
basic translations of approximants should be parallel to the tiling edges. In this case the vectors 
| |Y  with the length Tn belong to the upper boundary of the fundamental region (see Fig. 2).  If 
the basic translations of approximants are not parallel to the tiling edges then the defect-free 
packing of 12-fold wheels is impossible and the approximants include narrow rhombuses. 
However, since the hexagonal order admits overlapping of the wheels, there are perfect square-
triangle approximants breaking the equality nedn aT  . For example, in a series of hexagonal 
approximants the motif of the largest scale can be formed by three overlapping wheels with a 
common triangle. The periodicity 'nT of these approximants reads 
1)1('  nedn aT  . 
Moreover, any hexagonal approximant of DTa corresponding to the upper boundary of 
the fundamental region (see Fig. 2) can be reconstructed into the purely square-triangle structure 
with the same periodicity. Indeed, any vector | |Y  determining the approximant periodicity and 
lying along the upper boundary of the fundamental region can be expressed as the parallel 
projection (see Eqs. (1-2) in Ref. [21]) of the vector Y=<n,n,m,n-m,m-n,-m>, where n and m are 
arbitrary integers.  This fact allows expressing the lengths of both projections | |Y  and Y  in the 
following forms: 
 )3(|| | | qpaY ed  ,   (7) 
 |3|)4(3|| qpY    (8) 
where p = n-m and q = 2m-n. The inverse relations are also integer: n = 2p + q and m = p + q. 
Eq. (7) is obviously compatible with the square-triangle order. The basic translation | |Y  consists 
of edges with different orientations. The q edges are parallel to | |Y  direction while 2p edges are 
rotated by π/6 with respect to it.  Like the DTa to DTc rearrangement, the reconstruction of DTa 
approximants into the DTc ones is based on the choice of imperfect wheels included into the 
square-triangle structure. Since the motives formed by these wheels in the DTa approximants are 
simple, the order reconstruction is not difficult.  
Finally, all the above-obtained periodic approximants of DTc can be used to construct the 
perfect square-triangle spherical coverings. Some of them are shown in Fig. 4. 
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FIG. 4 (color online). Spherical structures related to the DTc tiling. Structures shown in panels (a-
b) arise from T1 and T2 hexagonal approximants. Spherical tilings (c-d) are obtained from T1’ and 
T2’ approximants. The numbers of nodes in the shown spherical structures are 132, 1812, 72, 
972, respectively. The term Erec makes the QCs demonstrated in panels (a-b) more energetically 
favorable than those shown in panels (c-d). 
 
In conclusion, the synthesis of spherical QSs is very probable since the ordinary planar QCs 
due to the low-energy phason rearrangements and appearance of curvature-induced topological 
defects can smoothly cover spherical surfaces. In this Letter we consider the arrangement of 
spherical QCs originating from three widespread dodecagonal tilings. If the dodecagonal QC 
along with the square and triangular tiles admits a third structural element (narrow rhombus or 
flattened hexagon), then the sphere curvature induces 24 topological defects located near SC 
vertices and the resulting spherical packing is assembled on the basis of the SС net decorated by 
the same three types of tiles as the original planar tiling. The formation of the perfect square-
triangular order on the sphere is also possible. However, in this case the topological defects 
should be located near the vertices of icosahedron. The physical properties and possible 
applications of dodecagonal spherical QCs may be even more interesting than those of different 
spherical crystals (from viral capsids to colloidosomes), which are actively studied now; we 
reserve these investigations for a future. 
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Supplemental Material 
 
The construction of DTa and DTb dodecagonal tilings 
 
The positions of dodecagonal tilings are obtained by projecting integer nodes {ni 
j
}, i=0,1…5 of 
6D space E. This space contains three 2D irreducible subspaces transformed by C12v symmetry 
group. Subspaces E
||
 and E
┴
 are spanned by two different vector representations (Е1 and Е5, 
respectively) of this group. Projection of the space E onto the first (parallel) subspace reads:  
 ,
5
0



i
i
j
ij n ar  (1) 
where ai=(cos(iπ/6),sin(iπ/6)) are the basis vectors and i =0,1,2,3,4,5. Expression for the 
projection upon the second (perpendicular) subspace is as follows: 
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i
i
j
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where ai
┴
=(cos(i5π/6),sin(i5π/6)) are the basis vectors of the perpendicular space E┴, 
i =0,1,2,3,4,5; and v is a phason Goldstone degree of freedom. The node (j) is included into the 
tiling if the vector jr  belongs to the acceptance domain, which is the conjugation (for DTa) or 
intersection (for DTa) of the two superimposed regular hexagons [20]. These hexagons are 
relatively rotated by π/6, and their vertexes coincide with the twelve vectors ± ai 
┴
. The tiling 
edges are the parallel projections of 6D translations which are symmetry equivalent to the initial 
one <1,1,1,1,0,0>. The length eda  of the tiling edges is equal to 2 .  Note that the 
acceptance domain of DTc has a fractal form [23]. This domain is useless to project this tiling 
from a high dimensional space and  DTc can be obtained from DTa as it is described in the 
Letter.  
The third subspace is spanned by the Е4 irreducible representation. Its basis has the 
following form: 
 
,4201
jjj nnn 
  
jjj nnn 5312                 (3) 
Different possible values of the integer variables 1 and 2 lead to quite similar structures. We 
take here 1=0 and 2=0 since in this case if v = 0 than the origin of space E is projected onto 
the 12-fold global axis of the tiling (see Fig. 2).  
 
 
 
 
